
PEL-type abelian varieties

Introduction: The PEL moduli problem

Classification of algebras with positive involuiton. Let A be an abelian variety. The algebra
End(A)⊗Q is a semi-simple algebra of finite dimension over Q, if A is simple, then End(A)⊗Q is a division
algebra. Every abelian variety is isogenous to a sum of simple varieties, and there are no morphisms between
simple varieties unless they are isogenous. That is, End(A)⊗ C is a sum of matrix algebras.

Let A be a simple abelian variety. fix Given a polarization λ : A→ A∨ we can construct Rosatti involution

∗ on the algebra End(A)⊗Q defined by f∗ = λ−1f̂λ. This involution is positive, that is, tr(ff∗) ≥ 0 for all
f . By looking how ∗ acts on the center Z of End(A)⊗Q, it is eas the classification

• If ∗ is trivial on Z, then Z is a totally real number field.
• If ∗ is non-trivial on Z, then Z is a CM field, that is an imaginary quadratic extension of a totally

real number field.

The moduli problem.

Definition 0.1. We fix a number g and a ring R that is an order (= subring in the ring of integers) in a
number field. PEL-type modular varieties classify tuples (A, λ, ι, η) where:

• A is an abelian variety of dimension g;
(P) λ : A→ A∨ is an isogeny (polarization);
(E) ι : R → End(A) an inclusion such that the Rosatti involution on End(A) restricts to the complex

conjugation on R;
(L) η is some level structure.

1. Algebras with involution

Exercise 1.1. (1) Suppose f ∈ End(A). Is it true that f∗ ∈ End(A)? (i.e. can there be denomi-
nator?)

(2) Let H be the algebra of Hamilton quaternions (the one generated by i, j with i2 = j2 = (ij)2 = −1).
Find all the positive involutions of the algebra. Can you write down the corresponding polarizations?

(3) In Definition 0.1 let g = 1. What scheme solves the moduli problem for R = Z? R = Z[i]?
R = Z[2i]? R = Z[

√
−5]?

(4) Let us try to solve a rational moduli problem: in Definition 0.1 let g = 1 and let us replace R by
R ⊗Q and End(A) by End(A)⊗Q. What pro-scheme solves the moduli problem for R ⊗Q = Q?
R⊗Q = Q[i]?

2. Hilbert modular surfaces

An important nontrivial example of PEL-type Shimura varieties are Hilbert modular varieties. In the
Definition 0.1 we can set g = 2 and R = OF is the ring of integers in a real quadratic field F . We fix a set of
representatives {c1, . . . , ch+} of the strict ideal class group, that is the quotient of group of fractional ideals
by principal ideals generated by totally positive elements.

Exercise 2.1. (1) Here we want to define the action of the class group. Let A be an abelian variety
with a faithful OF -action. Let c ∈ OF be an ideal. Chose δ ∈ OF so that δOF ∈ c. Let

H = A[δc−1] = {x ∈ A such that for every a ∈ δc−1, a · x = 0}.
We define A⊗OF

c = A/H. Show that this is independent of the choice of δ and that A⊗OF
c has

a natural OF -action.
(2) For a class ci we consider a modular variety Mci , classifying tuples (A, λ, ι, η) where
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• A is an abelian surface,
• ι : OF → End(A) is a fixed embedding,
• λ : A⊗OF

ci → A∨ is an OF -equivariant polarization, and
• η : µN → A[N ] is an embedding.

Show that if c and c′ are in the same strict ideal class, thenMc andMc′ are (not quite canonically)
isomorphic.

(3) Show that the group of totally positive units O×,>0
F acts on each Mc by

O×,>0
F 3 u : (A, λ, ι, η) 7→ (A, uλ, ι, η).

Let O×F,N be the group of units congruent to 1 modulo N . Show that
(
O×F,N

)2
acts trivially on

each Mc.

We denote M = tcMc. The Shimura variety associated to G = ResF/Q(Gl2) with Γ1[N ]-level structure
is isomorphic to

M
/(
O×,>F

/(
O×F,N

)2)
.

3. Humbert surfaces

There is a natural map from a Hilbert modular surface to Siegel modular spaces. Its image is Humbert
surface. Here we discuss one example. Let Γ[2] = ker(PSp(2,Z)→ PSp(2,F2)) be the congruence subgroup.
We write H2 for the Siegel upper half-plane.

Exercise 3.1. (1) Consider functions
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where τ ∈ H2, ζ ∈ C2, m′,m′′ ∈ Z2 are two column-vectors. This way we define 16 functions.
10 of them are even as functions in ζ. Consider the functions θm′,m′′ that are even. Check that
θ4m′,m′′(θ, 0) are modular functions of weight 2 on Γ[2].

In fact if θm′,m′′ is even, then θ4m′,m′′(θ, 0) defines a component of the Humbert surface.

(2) (Optional) There is a natural action of Sp(4,F2) on the set of functions θm′,m′′ that are odd. This
action defines an isomorphism Sp(4,F2)→ S6.

(3) Here we construct the Satake compactification. Show that Hn maps to

Dn = {T ∈ Matn×n(C) such that 1n − TT < 0}.
We define

D∗n =
⋃
r≤n

⋃
g∈Sp(2n,Q)

gDr.

The compactification of G\Dn is G\D∗n.
(4) (Optional) In our case n = N = 2, we have

Γ[2]\D∗2 = Γ[2]\D2 t some extra components of dimension 1 and 0.

Show that they correspond bijectively to one-dimensional and 2-dimensional totally isotropic sub-
spaces in a fixed 4-dimensional symplectic vector space over F4. There are 15 one-dimensional
components and 15 zero-dimensional components. Each one-dimensional component contains 3
points (zero-dimensional components) and each zero-dimensional component is an intersection of 3
one-dimensional components.

(5) (Optional) We can chose 5 disjoint one-dimensional components in this configuration. Show that
there are exactly 6 ways to do so. The action of the group Sp(4,F2) on such gadgets defines an
isomorphism Sp(4,F2)→ S6.

(6) Each component of the Humbert surface contains exactly 6 zero-dimensional components of the
Satake compactification. In fact, there is a 1−1 correspondence between components of the Humbert
surface and partitions of {1, . . . , 6} in two subsets of 3 elements.


